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Holstein light quantum polarons on the one-dimensional lattie
O. S. Bari²i¢
∗
Institute of Physis, Bijeni£ka . 46, HR-10000 Zagreb, Croatia
The polaron formation is investigated in the intermediate regime of the Holstein model by using
an exat diagonalization tehnique for the one-dimensional innite lattie. The numerial results
for the eletron and phonon propagators are ompared with the nonadiabati weak- and strong-
oupling perturbation theories, as well as with the harmoni adiabati approximation. A qualitative
explanation of the rossover regime between the self-trapped and free-partile-like behaviors, not
well-understood previously, is proposed. It is shown that a ne balane of nonadiabati and adia-
bati ontributions determines the motion of small polarons, making them light. A omprehensive
analysis of spatially and temporally resolved low-frequeny lattie orrelations that haraterize
the translationally invariant polaron states is derived. Various behaviors of the polaroni deforma-
tion eld, ranging from lassial adiabati for strong ouplings to quantum nonadiabati for weak
ouplings, are disussed.
I. INTRODUCTION
Charge transport observed in the limit of the low
eletroni density is haraterized by signiant pola-
roni eets when the eletron-phonon oupling is strong
enough. Indeed, the eets of this kind have been
reported reently in a number of experiments on sys-
tems ranging from olossal magnetoresistive manganites
to high-Tc superondutors,
1,2,3
whih are urrently the
subjet of great sienti interest. In this ontext, a bet-
ter understanding of the polaron states is of partiular
importane. The loal polaroni orrelations and the po-
laron dispersion properties are haraterized by adiabati
and nonadiabati ontributions ombined with the eets
due to the disreteness of the lattie. In this respet
the polaron problem ontains most of the oneptual ele-
ments important for the dynamis of other problems with
loalized solutions. In partiular, the theory of quantum
polarons has its analogies in the more general ontext of
soliton physis, invoked for broad lasses of materials.
The experimental evidene of strongly oupled pola-
roni arriers is frequently provided in terms of the ther-
mally ativated d.. ondutivity, whih is aompa-
nied by a broad ontribution to the mid-infrared opti-
al ondutivity.
4,5
On the other hand, in photoemis-
sion spetrosopy measurements, one observes a small
eletron quasi-partile weight at the Fermi level, with
most of the spetral weight transferred towards high
frequenies.
6,7
In order to rationalize suh strong pola-
roni orrelations, assuming a loal eletron-phonon in-
teration, one may apply the Holstein model. Within
the Holstein model,
8
in the strong-oupling limit the
eletron-phonon spatial orrelations redue to a single
lattie site and one obtains heavy, strongly-pinned, small
polaron states haraterized by a large lattie distor-
tion. For suh states the polaron binding energy εp
determines the thermal ativation energy, ωd.c. ≈ εp/2,
and the optial ativation energy ωopt ≈ 2εp.9 Yet, even
for quite strong ouplings the adiabati spreading of the
lattie distortion over a few lattie sites might signi-
antly redue the pinning barrier for the polaron motion,
ωd.c. ≪ ωopt. In partiular, in the one-dimensional Hol-
stein model weakly-pinned small polarons with a onsid-
erable binding energy are obtained between the strong-
and weak-oupling limits for moderate values of the adia-
bati parameter. One of the key objetives of this work is
to ahieve a qualitative understanding of this interesting
parameter regime, whih an be relevant for unonven-
tional small-polaron behaviors reported for various ma-
terials.
The aurate treatment of adiabati orrelations is a
diult problem for itinerant polarons. Several numer-
ial methods have been reently suggested for the one-
dimensional Holstein model in order to spetrally resolve
the polaroni orrelations in the single-eletron and op-
tial ondutivity spetra.
10,11,12
These studies learly
show the fundamental dierene between the nonadia-
bati and adiabati regimes, although the reliability of
the methods at low frequenies is not entirely lear. In
the adiabati regime one should obtain the exited oher-
ent polaron bands with nite spetral weight below the
phonon threshold, eah of the bands orresponding to one
of the adiabatially softened loal phonon modes.
13
Yet,
the spetral weight assigned to suh low-frequeny adia-
bati orrelations seems to be reported in the literature
only for the ase of Diagrammati Quantum Monte Carlo
alulations.
14
The Dynami mean-eld theory (DMFT)
applied to the Holstein polaron problem,
15
exat in the
innite dimensional limit, gives only one exited o-
herent polaron band below the phonon threshold. For
low-dimensional systems the approahes
16,17
like DMFT
that treat the eletron self-energy as a loal quantity,
Σ(k, ω) → Σ(ω), provide approximate results. Namely,
in order to desribe orretly the loal adiabati orrela-
tions within the diagrammati approah, the vertex or-
retions involving phonons at dierent lattie sites i 6= j,
whih ontribute to the k-dependent (nonloal) part of
the eletron self-energy Σ(k, ω), have to be taken into a-
ount. In fat, the important vertex orretions turn out
to be those within the range of the adiabati orrelation
length.
18
This length is restrited by the distane over
whih the eletron an move before the lattie distortion
evolves signiantly in time.
2In order to obtain the possibly most aurate piture of
the low-frequeny polaroni orrelations a previously de-
veloped approah
13,19
of exat diagonalization of the in-
nite lattie polaron problem is employed here. By provid-
ing eigenenergies and orresponding wave funtions, this
approah, unlike any other developed up to now, gives the
omplete information about the oherent part of the po-
laron spetrum below the phonon threshold. In addition
to the polaron spetra and eletron spetral properties,
the phonon spetra that desribe the displaement and
momentum orrelations of the lattie an be analyzed in
this way. In fat, this work provides, to our knowledge,
the rst omprehensive study of lattie properties within
the translationally invariant polaron theory. Aording
to the regime of parameters, qualitatively dierent be-
haviors of the lattie deformation eld are obtained in
the low-frequeny range. Suh ndings an be of exper-
imental interest, for example, in the ontext of reent
neutron diuse sattering (Huang sattering) or pulsed
neutron-diration measurements.
20
II. GENERAL
The Holstein polaron arises from the loal interation
of the eletron in the nearest-neighbor tight-binding band
with the dispersionless branh of optial phonons. For
the one-dimensional lattie the Hamiltonian reads
Hˆ = −2t
∑
k
cos(k) c†kck + ω0
∑
q
b†qbq
− g/
√
N
∑
k,q
c†k+qck (b
†
−q + bq) , (1)
where N is the number of lattie sites (N →∞). c†k (ck)
and b†q (bq) are the reation (annihilation) operators for
the eletron state with momentum k and phonon state
with the momentum q, respetively. Besides t/ω0 and
g/ω0, the two other parameters used here are the bind-
ing energy of the polaron in the atomi limit (t = 0),
εp = g
2/ω0, and the dimensioneless parameter λ = εp/t.
Notie that εp and λ, unlike g, are adiabati parameters
in the sense that they do not depend of the lattie mass.
The phonon energy ω0 is taken throughout this work as
the unit of energy.
A. Eletron properties
In the present work dierent dynamial orrelation
funtions, whih desribe properties of the system in
the dilute limit, are investigated at frequenies below
the phonon threshold. This subsetion serves to outline
the relevant notation while examining some general as-
pets of eletron orrelations. The next subsetion, on
the other hand, deals with lattie orrelations.
The eletron propagator, here dened by
GK(t) = −i〈0|Tˆ [cK(t)c†K ]|0〉 ,
with c†K = 1/
√
N
∑
j e
iKjc†j and Tˆ the time ordering
operator, is evaluated for the ground state of the sys-
tem |0〉 in whih no eletrons are present. As there are
no hole exitations for suh a state, the spetral fun-
tion that orresponds to the Fourier transform of GK(t),
AK(ω) = −pi−1ImGK(ω), desribes only eletrons above
the polaron ground state energy E0. If AK(ω) is deom-
posed into two parts with respet to the phonon thresh-
old,
AK(ω) = A
<
K(E0 ≤ ω < ω0 + E0) +A>K(ω ≥ ω0 + E0) ,
the low-frequeny oherent part of the spetrum an be
expressed as
A<K(ω) =
ω<E0+ω0∑
i
A
(i)
K δ(ω − E(i)K ) , (2)
with
A
(i)
K = |〈Ψ(i)K |c†K〉|2 ,
where |c†K〉 represents the free eletron state without
phonons, E
(i)
K is the energy and |Ψ(i)K 〉 is the wave fun-
tion of the translationally invariant polaron states, andK
and i are used to denote the momentum and the number
of the polaron band, respetively. At zero temperature,
for energies below the phonon threshold ω < E0 + ω0,
nonelasti sattering is forbidden by energy onserva-
tion, whih makes the imaginary part of the exat ele-
tron (and phonon) self-energy arbitrarily small. For this
reason, the inoherent ontributions an be negleted in
Eq. (2), and A<K(ω) may indeed be regarded as a signa-
ture of the oherent polaron spetrum, but only below
the phonon threshold.
B. Lattie properties
The phonon propagator used here (not to be onfused
with the displaement-displaement orrelation funtion)
is dened as
DQ(t) = −i〈Ψ0|Tˆ [bQ(t)b†Q]|Ψ0〉 , (3)
where |Ψ0〉 is the ground state of the eletron-phonon
system. The phonon spetral funtion FQ(ω) =
−pi−1ImDQ(ω) is even in Q and generally asymmetri
in ω. FQ(ω) may be used to spetrally resolve the boson
ommutation relation
∫ ∞
0
[FQ(ω)− FQ(−ω)] dω = 1 . (4)
3The mean number of phonons with the wave vetor Q
present in the ground state is given by
N¯phQ = 〈Ψ0|b†QbQ|Ψ0〉 =
∫ 0
−∞
FQ(ω) dω . (5)
The spetral funtion orresponding to the displaement-
displaement orrelation funtion,
DxxQ (t) = −i〈Ψ0|Tˆ [AˆQ(t)Aˆ−Q]|Ψ0〉 , (6)
with AˆQ = b
†
−Q + bQ, is written as
P xxQ (ω) = FQ(ω) + FQ(−ω) + 2HQ(ω) , (7)
where HQ(ω), and thus P
xx
Q (ω), is an even funtion in Q
and ω. HQ(ω) represents the spetral funtion related to
the orrelation funtion
DbbQ (t) = −i/2 〈Ψ0|Tˆ [bQ(t)b−Q + b†−Q(t)b†Q]|Ψ0〉 .
It is straightforward to express the spetral fun-
tions for the displaement-momentum and momentum-
momentum orrelation funtions in terms of FQ(ω) and
HQ(ω). For the g = 0 ground state with no phonons, one
obtains FQ(ω < 0) = 0 and HQ(ω) = 0.
The properties of the general expressions for FQ(ω)
and HQ(ω) an be further speied for the polaron prob-
lem. Just as in the eletron ase, the polaroni orre-
lations manifest themselves in the formation of oherent
polaron bands below the phonon threshold. Aordingly,
the low-frequeny oherent part of the spetral funtion
FQ(ω) an be expressed in terms of translationally in-
variant polaron states,
FQ(ω) = F
<
Q (|ω| < ω0) + F>Q (|ω| ≥ ω0)
F<Q (ω) =
|ω|<ω0∑
i
F
(i)
±,Q δ(ω ∓ E(i)Q ± E0) , (8)
with
F
(i)
+,Q = |〈Ψ(i)Q |b†Q|Ψ0〉|2 , F (i)−,Q = |〈Ψ(i)−Q|bQ|Ψ0〉|2 .
Similarly, the oherent part |ω| < ω0 of HQ(ω) is given
by
H<Q (ω) =
|ω|<ω0∑
i
H
(i)
Q δ(ω ∓ E(i)Q ± E0) (9)
H
(i)
Q = 1/2 〈Ψ0|bQ|Ψ(i)Q 〉〈Ψ(i)Q |b−Q|Ψ0〉+ h.. .
In the absene of eletrons, the phonon propagator is
purely loal, having a trivial temporal dependene, i.e.,
FQ(ω) = δ(ω − ω0). The phonon spetral weight for
|ω| < ω0 in Eqs. (8) and (9) is therefore entirely due to
the oupling with the eletron, F<Q (ω), H
<
Q (ω) ∼ 1/N .
In the long-wave limit Q → 0 the phonon spetra in
Eqs. (8) and (9) are smooth funtions of Q, inluding
Q = 0. Otherwise, one would nd that eigenstates below
the phonon threshold involve phonons at innite distane
from the eletron. Suh phonon exitations unorrelated
to the eletron are forbidden by the energy onstraint. In
Eq. (1) the phonon Q = 0 mode ouples only to the total
number of eletrons
∑
k c
†
kck, whih is a onstant of mo-
tion. The homogenous Q = 0 part of the Hamiltonian (1)
an therefore be separated out.
21
Its eigenstates orre-
spond to a displaed harmoni osillator of frequeny ω0.
Assuming one eletron in the system, for |ω| < ω0 in
Eqs. (8) and (9) it is straightforward to obtain
F
(i)
+,Q=0 = F
(i)
−,Q=0 = H
(i)
Q=0 = δi,0 εp/Nω0 . (10)
The referene ase, whih illustrates well the funda-
mental dierene between the role of the lowest i = 0
and the exited i > 0 polaron bands in the lattie or-
relation funtions, is the limit of self-trapped small po-
larons (εp ≫ ω0, λ ≫ 1). Namely, in this limit the
polaron spetrum below the phonon threshold exhibits
a few well-separated, narrow polaron bands. The lowest
(i = 0) band ontribution to the lattie orrelations de-
sribes the heavy polaroni lattie distortion, while the
exited (i > 0) bands orrespond to the loal harmoni
modes softened below ω0, and arried along by the mov-
ing polaron. The phonon spetral weight related to the
lowest (i = 0) band involves many phonons, whih for
small polarons, are equally distributed over all Q's,
F
(0)
+,Q ≈ F (0)−,Q ≈ H(0)Q ≈ N¯tot/N , (11)
with N¯tot ≈ εp/ω0 ≫ 1 representing the mean total num-
ber of phonons in the ground state,
N¯tot =
∑
Q
〈Ψ0|b†QbQ|Ψ0〉 . (12)
N¯tot is large here beause of the large lattie distortion
that aompanies the formation of the self-trapped po-
laron. For |ω| ≤ W (0), where W (0) is the bandwidth of
the lowest polaron band, one nds from Eqs. (10) and
(11) that the loal lattie distortion of the self-trapped
small polaron behaves lassially for any Q,
F
(0)
+,Q − F (0)−,Q ≪ 1/N , (13)
i.e., as if the boson operators in Eq. (3) ommute. Hene,
FQ(ω) as an even funtion of ω for ω small desribes
the lassial nature of the small polaron self-trapping.
This represents the generalization of well-known results
4for large adiabati polarons
22
to the small-polaron ase.
Furthermore, the distortion moves along the lattie on a
long time sale, whih is determined by the bandwidth of
the lowest polaron band W (0), W (0) ≪ ω0. Suh motion
is haraterized by a small lattie kineti energy, i.e.,
F
(0)
+,Q + F
(0)
−,Q − 2H(0)Q ≪ 1/N ,
where the left-hand side orresponds to the spetral fun-
tion of the momentum-momentum orrelation funtion.
The total ontribution of the ith polaron band to the
phonon spetral weight an be analyzed in terms of
F
(i)
+ =
∑
Q
F
(i)
+,Q , F
(i)
− =
∑
Q
F
(i)
−,Q , H
(i) =
∑
Q
H
(i)
Q .
(14)
Unlike for the lowest (i = 0) band, the ontributions
(14) for the exited (i > 0) bands are independent of
parameters; F
(i)
+ ≈ 1 and F (i)− ≈ H(i) ≈ 0. The ontri-
bution of the exited bands appears only in FQ(ω) at the
ω > 0 side, whih is harateristi for harmoni modes
that are arried here by the moving polaron, again in
generalization of the results obtained in the ontext of
large adiabati polarons
23
to the small polaron ase.
C. ET method
The polaron states below the phonon threshold, whih
dene the low-frequeny eletron and lattie orrelations
disussed in last two subsetions, an be alulated pra-
tially exatly by applying the exat-translational (ET)
method. This method, introdued in Ref. 19, for small
and moderate values of the adiabati parameter t/ω0
gives the lowest polaron band for the innite lattie prob-
lem with the highest auray.
24
In addition, the ET
method as implemented in Ref. 13 reveals, with similar
auray, the exited polaron bands below the phonon
threshold. It should be mentioned that the urrent work
provides only a brief overview of the ET method, whereas
detailed disussions an be found in Refs. 13,19,24,25.
The ET method resolves the spetrum below the
phonon threshold in terms of the basis set
|n〉K = 1√
N
∑
j
eiKjac†j |n0, n−1, n1, ..., nm, ...〉j , (15)
where nm denes the number of phonons at a given dis-
tane m from the eletron. On the left hand side of
Eq. (15) n is used as an abbreviation for the whole set
of quantum numbers nm. The translational symmetry of
the problem (1) is exploited by the onstrution of the
states (15), whih are the eigenstates of the total mo-
mentum. In alulations, the basis set (15) is kept nite
by restriting the number of phonons and their distane
from the eletron. Suh trunation of the basis is justi-
ed for the lowest part of the spetrum below the phonon
threshold, whih is haraterized by the nite eletron-
phonon orrelation length d. Indeed, in the weak ou-
pling regime, d is nonadiabati, independent of g, and
determined by the ratio t/ω0. For strong ouplings d is
independent of the lattie mass; d ∼ λ−1.
In the representation (15), the Hamiltonian is given
by a omplex Hermitian matrix. However, with the ap-
propriate transformation of the basis (15), similar to the
one proposed for the antiferromagneti hain problem in
Ref. 26,
|n+〉K = (|n〉K + |n˜〉K)/
√
2 (16)
|n−〉K = (|n〉K − |n˜〉K)/i
√
2 , (17)
the Hamiltonian takes the form of a real symmetri ma-
trix. With respet to the previous implementations, this
represents a further improvement of the ET method due
to the onsiderable redution in omputational eort as-
soiated with it. In Eqs. (16) and (17) |n˜〉K is ob-
tained from |n〉K when the phonons to the left and to
the right from the eletron in Eq. (15) are interhanged
(nm → n−m). If the two states |n〉K and |n˜〉K are
the same, Eq. (16) should be replaed by the identity,
|n+〉K = |n〉K , while |n−〉K = 0.
The transformation given by Eqs. (16) and (17) makes
use of the point symmetry of the Hamiltonian (1), whih
is invariant under the spae inversion. Beause of this
symmetry, the two subspaes (16) and (17) are not ou-
pled by the Hamiltonian (1) for K = 0 and K = pi.
Consequently, for K = 0 and K = pi the eigenstates
have well dened parity properties: those belonging to
the subspae (16) are even, while those belonging to the
subspae (17) are odd under the spae inversion. Only
the two polaron states of opposite parity an ross, as
disussed in more details in Se. IV.
III. NONADIABATIC LIMIT
It is instrutive to start the analysis of polaron prop-
erties by inspeting the weak- and strong-oupling lim-
its. In this way it is easier to understand the polaron
formation in the regime for whih neither of the param-
eters in Eq. (1) an be treated as a perturbation. In
Se. III A, the ET results are ompared with the weak-
oupling perturbation theory (WCPT), while Se. III B
brings the disussion of the strong-oupling perturbation
theory (SCPT). In the lowest order, the polaron disper-
sion is desribed by nonadiabati orretions for both
these perturbative expansions. The intermediate regime
of parameters (t ∼ g ∼ ω0), for whih the polaron disper-
sion involves a omplex mixture of adiabati and nona-
diabati eets, is investigated in Se. IV. In this latter
ase one has to rely on numerial results.
5A. Weak oupling perturbation theory (WCPT)
In the weak oupling limit the deformation eld is
treated as a perturbation to the free eletron state. By
applying the Rayleigh-Shrödinger perturbation theory
the energy of the polaron states in the lowest band is, to
the leading order in g, obtained as
ξ˜k = ξk − g2/
√
(ω0 − ξk)(ω0 + 4t− ξk) , (18)
with ξk = 2t(1 − cos(k)). It is assumed in Eq. (18)
that the polaron binding energy is small, i.e., g < ω0 for
t <∼ ω0 and g/ω0 < (t/ω0)−1/4 for t >∼ ω0.27 This implies
that the lattie distortion for any lattie site is less than
the amplitude of the zero-point motion. Aordingly, one
nds that, in the weak-oupling limit, the loal polaroni
orrelations and the polaron dispersion are governed by
nonadiabati proesses. In the absene of loal adiabati
orrelations, the spetrum below the phonon threshold
onsists of only one oherent band.
Up to the seond order in g, the phonon propagator (3)
an be evaluated within the diagrammati perturbation
theory by onsidering the one-loop bubble diagram for
the irreduible phonon self-energy. To the leading or-
der in g, one obtains a phonon spetral funtion Fq(ω)
that, beside the phonon branh, exhibits two additional
branhes at ±ξq dened by the eletron dispersion.27 For
the latter ase the spetral density is given by
Fq(ω = ±ξq) = g
2
N
1
(ω0 ∓ ξq)2 . (19)
The remaining spetral density belongs to the phonon-
like branh at ω = ω0,
Fq(ω = ω0) = 1 + Fq(ω = −ξq)− Fq(ω = ξq) .
The last expression, derived here perturbatively, satises
the boson sum-rule (4). Fq(ω = ξq) − Fq(ω = −ξq) de-
nes the transfer of the phonon spetral weight from the
phonon-like branh ω = ω0 to the eletron-like branh
ω = ξq. The additional spetral weight with respet to
the free lattie is given by 2Fq(ω = −ξq). This is twie
the mean number of phonons in the ground state (5).
When Fq(ω) is known, Hq(ω) an be determined
by alulating the displaement-displaement orrelation
funtion (6). Up to the seond order in g the spetral
funtion Hq(ω) takes the form
Hq(ω) =
g2
N
1
ω20 − ξ2q
[
δ(ω ± ξq)− ξq
ω0
δ(ω ± ω0)
]
.
The integrated spetral density Hq =
∫
Hq(ω) dω is re-
lated to the stati orrelation funtion
Hq = 〈Ψ0|[bqb−q+b†qb†−q]|Ψ0〉/2 =
g2
N
1
ω0(ω0 + ξq)
. (20)
Notie that by onsidering only the rst order Rayleigh-
Shrödinger expansion of the polaron wave funtion |Ψ0〉
one obtains Hq = 0. It is the seond-order orretion
to |Ψ0〉 that denes the lowest g2 term in the expansion
of Hq. On the other hand, this term is taken into a-
ount by the lowest-order diagrammati expansion of the
displaement-displaement orrelation funtion.
27
Sine the polaron dynamis in the weak-oupling
regime is nonadiabati, the stati spatial orrelations de-
pend on the lattie mass. In partiular, the q-dependene
of Eqs. (5) and (20) is governed by the ratio t/ω0. The
eletron-phonon orrelation length d, an be dened as29
d2 =
∑
r,n
r2 〈Ψ0|c†ncn b†n+rbn+r|Ψ0〉 / N¯tot , (21)
although other equivalent denitions are possible.
27,30
With N¯tot given by Eq. (12), one obtains d ∼
√
t/ω0
for t > ω0 and d ∼ t/ω0 for t < ω0. Irrespetive of d, the
seond-order perturbative results in the weak-oupling
limit are very lose to the ET ndings. This is illustrated
by Table I, with d = 0.14 and d = 2.15 for t/ω0 = 0.125
and t/ω0 = 10, respetively.
t = 0.125, g = 0.2 t = 10, g = 1
WCPT N¯tot = 0.0272 H¯ = 0.0326 N¯tot = 0.08 H¯ = 0.156
ET N¯tot = 0.0275 H¯ = 0.0328 N¯tot = 0.083 H¯ = 0.159
Table I: The seond-order WCPT is ompared to the ET
method by means of N¯tot and H¯ =
∑
q
Hq, where N¯tot and
Hq are dened by Eqs. (12) and (20), respetively.
The lattie orrelations in the frequeny range |ω| < ω0
are investigated by the ET method in Fig. 1 for the
t < ω0 and t > ω0 ases, using the same set of param-
eters as in Table I. For t/ω0 = 0.125 the oherent po-
laron band, shown in Fig. 1a, is well-separated from the
ontinuum of states above the phonon threshold (shaded
area) for all momenta. The phonon spetra, shown in
Fig. 1b, desribe a polaroni lattie distortion whih ex-
hibits substantial quantum utuations, aused by the
exhange of momentum between the eletron and phonon
subsystems.
As it is well known for weak ouplings,
28
the nature of
the states in the oherent band below the phonon thresh-
old hanges as a funtion of momentum K if 4t > ω0.
This hange orresponds to a rossover near Kc, where
Kc denotes the momentum at whih the phonon exi-
tation energy is the same as the kineti energy of the
free eletron, ω0 = ξKc . For K
<∼ Kc the momentum
of the system is arried by the polaron (weakly dressed
eletron), while for K >∼ Kc it is arried by the phonon
almost unorrelated to the polaron in the ground K = 0
state. In the latter ase, the wave funtion of the sys-
tem involves phonons at arbitrary large distanes from
the eletron. Suh long-range orrelations, important for
K >∼ Kc states in the lowest polaron band that are lose
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Figure 1: The lowest oherent polaron band and the lattie
orrelations in the weak-oupling regime obtained by the ET
method. Panels a) and b) are for t = 0.125 and g = 0.2,
panels ) and d) are for t = 10, g = 1. The shaded area in
panels a) and ) orresponds to the ontinuum of states above
the phonon threshold that haraterizes the exat spetrum
of the system. For the ET states that beause of a small
numerial error are loated above the phonon threshold, a
part (K >∼ pi/3) of panel d) is shaded.
to the phonon threshold, are not desribed aurately by
the ET approah. Although the exat lowest band re-
mains below the phonon threshold for all K, the energy
of the ET solutions for t/ω0 = 10 in Fig. 1 for K >∼ pi/3
(Kc ≈ pi/10) is slightly greater than the phonon thresh-
old energy. In order to obtain better results one should
use a set of basis states (15) that inludes phonons at
larger distanes from the eletron than urrently onsid-
ered.
The lattie properties are analyzed in Fig. 1d for
t/ω0 = 10 by means of ET states satisfying E
(0)
K <
E0+ω0, whereas the shaded area orresponds to the part
of the ET spetrum obtained above the phonon thresh-
old (K >∼ pi/3). The phonon spetral weight assoiated
with the lowest band diverges in Eq. (19) for Q → Kc
as (ω0 − ξQ)2. This singular behavior, replaed by an
antirossing within the degenerate perturbation theory,
explains the rapid inrease of F
(0)
+,Q in Fig. 1d. On the
ontrary, the ontributions related to the lattie distor-
tion F
(0)
−,Q vanish as Kc is approahed, with K
−1
c of the
order of ground-state eletron-phonon orrelation length
(for 4t > ω0). As shown in Fig. 1d, with the exeption of
the long-wave limit Q ≈ 0, the phonon softening eets
are partiularly intense, F
(0)
+,Q ≫ F (0)−,Q, in the narrow
interval Q < Kc. This weak-oupling phonon softening,
assoiated with the long-range nonadiabati orrelations,
should be distinguished from the softening of the loal
phonon modes. The latter, obtained for stronger ou-
plings, is due to the short-range adiabati orrelations in
the rst plae.
B. Strong-oupling perturbation theory (SCPT)
The small polarons are haraterized by a deformation
eld loalized mostly at one lattie site. For small bare
eletron bandwidths t < ω0 the eletron-phonon orre-
lation length stays short for all ouplings, whereas for
t > ω0 it is short when the oupling is suiently strong
εp ≫ t (λ≫ 1). The two regimes, t <∼ ω0 and t >∼ ω0, are
ommonly referred to as the nonadiabati and the adi-
abati regime, respetively, although suh identiation
oversimplies somewhat the polaron problem. In both
ases, the small polarons are frequently disussed using
the SCPT. Within the SCPT, it is assumed that the ele-
tron dispersion ε(k) an be treated as a small perturba-
tion of the polaron solution obtained in the atomi limit.
The analytial expressions have been derived to the rst
and seond order in t for the innite lattie,32 while the
third order ontributions are analyzed in Ref. 33, but
only for the two-site problem. From the low-order ex-
pansion in t one is led to believe that the small polarons
are neessarily heavy quasipartiles. Indeed, in the adi-
abati ase one obtains small polarons strongly pinned
by the disrete lattie, while in the nonadiabati ase
the polaron is heavy beause the bare eletron hopping
is small. It is argued here that, for t < ω0, the low
order SCPT learly demonstrates the dual harater of
small-polaron orrelations: the nonadiabati dispersion
(translation) and the adiabati softening assoiated with
the loal, adiabati polaron deformation eld. The mix-
ing of nonadiabati and adiabati eets beomes par-
tiularly important for t >∼ ω0, signiantly reduing the
small-polaron eetive mass. However, the appearane of
the light small polarons is beyond the reah of the low-
order expansion in t (or g in the ontext of the WCPT)
and therefore analyzed numerially by the ET method in
Se. IV.
In the absene of hybridization, t = 0, there is no or-
relation in the lattie dynamis between dierent sites.
At the site with the eletron, the deformation eld is
desribed by a displaed harmoni osillator,
|ϕ0〉 = c†j e−Sˆj |0〉 , Sˆj = −g/ω0 (b†j − bj) ,
with the (zero-order) binding energy ε0 = −εp. To the
rst order in t the polaron wave funtion takes the trans-
lationally invariant form,
|ϕ1(k)〉 = 1/
√
N
∑
j
eikjc†j e
−Sˆj |0〉 , (22)
orresponding to the well-known Lang-Firsov small-pola-
ron band, ε1(k) = −εp + e−γε(k), where γ = εp/ω0 and
ε(k) = −2t cos(k) is the free eletron energy. The dis-
persion ε1(k) is determined purely by nonadiabati pro-
esses: during the hopping to the nearest-neighbor sites
the eletron detahes itself from the deformation eld.
7The probability of this hopping is redued with respet to
the free eletron ase by the eletron quasipartile weight
|〈ϕ1(k)|c†k〉|2 = e−γ . (23)
For t < ω0, the rst-order SCPT yields a satisfatory
desription of the polaron spetrum. This may easily
be heked from the weak-oupling side for t ≪ ω0.
From the seond-order WCPT (18) one obtains then
the same polaron energy as from the γ ≪ 1 SCPT,
ε1(k) ≈ −εp + (1 − γ) ε(k). In addition to the lowest
band, the SCPT predits one exited polaron band be-
low the phonon threshold.
34
Aording to the degenerate
perturbation theory to the rst order in t, the rst exited
band detahes from the bottom of the phonon ontinuum
for γ > 1,19
ε
(1)
1 (k) = −εp + ω0 − t e−γ (x/2 + 2/x) ,
with x = 3γ − 1 +
√
(9γ − 1)(γ − 1) for k = 0, while
for k = pi one obtains x = γ. In Fig. 2a the rst-order
SCPT low-frequeny spetrum (dashed urves), onsist-
ing of two bands, when ompared for t = ω0/8 to the
exat ET spetrum (solid urves) shows only small devi-
ations. The i = 0 and i = 1 bands, shifted by the ground
state energy E0, are plotted in terms of band boundaries
(the K = 0 and K = pi states).
In the inset of Fig. 2a the eletron properties are in-
vestigated by the ET method for g/ω0 = 1.52, while
the lattie properties are investigated in Fig. 2b. The
hoie g/ω0 = 1.52 orresponds to the rossover regime
between a nearly free-eletron behavior, for weak ou-
plings, and an exponentially-narrow-band behavior, for
strong-ouplings. The exat eletron spetral density for
the lowest i = 0 band A
(0)
K (the inset of Fig. 2a) as a
funtion of K diers slightly from the rst-order SCPT
value e−γ ≈ 0.1. Similarly, the phonon spetral weight
(Fig. 2b) for this band takes values lose to Eq. (11),
derived for the self-trapped small-polaron limit. In par-
tiular, the three ontributions of the i = 0 band to the
phonon spetra in Eq. (14) are obtained as F
(0)
+ ≈ 2.43,
F
(0)
− ≈ N¯tot ≈ 2.18, H(0) ≈ 2.3. Beause F (0)− and N¯tot
pratially oinide, all the spetral weight FQ(ω) for
ω < 0 is assigned to the lowest band. F
(0)
+ − F (0)− ≈ 0.25
desribes a small departure from the lassial behavior
(13) of the loal distortion in Eq. (22). This signalizes
the interferene between the polaron motion and the loal
orrelations. For the rst exited i = 1 band, the eletron
spetral funtion A
(1)
K exhibits a strong K-dependene.
The phonon spetral weight assoiated to this exited
band indiates that one internal phonon mode of the de-
formation eld is onsiderably aeted by the adiabati
softening; F
(1)
+ ≈ 0.54 and F (1)− ≈ H(1) ≈ 0. On the
strong-oupling side λ ≫ 1 of Fig. 2a the exited band
asymptotially approahes the phonon threshold, whih
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Figure 2: The two lowest polaron bands below the phonon
threshold are plotted in the upper panel (a) as funtions of g
for t = 0.125. The rst-order SCPT results are given by the
dashed urves, while the solid urves are the ET results. The
polaron dispersion is taken with respet to the polaron ground
state energy. In the inset of the upper panel the eletron
spetral funtion A
(i)
K is shown for g = 1.52, while the lower
panel (b) shows the phonon spetral funtions, F
(i)
+,Q, F
(i)
−,Q
and H
(i)
Q .
makes the softening eets partiularly small. Suh be-
havior is obtained perturbatively in Ref. 31.
For t > ω0 the SCPT theory onverges slowly. The
exeption is the λ ≫ 1 regime, in whih the adiabati
ontribution to the polaron dynamis is redued by the
very small size of the polaron. Up to the seond order in
t the polaron energy is32
ε2(k) = −εp + e−2γε(0) t/ω0 [Ei (2γ)− γ0 − ln (2γ)]
+ e−γε(k) + e−2γε(2k) t/ω0 [Ei (γ)− γ0 − ln (γ)] ,
where Ei(γ) is the exponential integral, and γ0 is Euler's
onstant. In the limit γ ≫ 1, the k-dependent terms
deay exponentially (the rst-order nearest-neighbor and
8the seond-order next-nearest-neighbor hopping), while
the polaron binding energy beomes stritly adiabati,
ε2 ≈ −εp (1 + 1/λ2) . (24)
The seond-order energy gain in Eq. (24) is related to
the spreading of the adiabati deformation eld. Namely,
unlike in Eq. (22), where the deformation eld develops
at the eletron site only, the seond order wave funtion
|ϕ2(k)〉 = 1/
√
N
∑
n,m
a±n,m
∑
j
eikjc†j (b
†
j)
m(b†j±1)
n|0〉
involves the eletron-phonon orrelations at three sites.
Apparently, this spreading should also aet the polaron
dispersion in higher orders. Indeed, for pinned small po-
larons it was found by the ET method
13
that, in the
regime t ∼ g, the lowest band dispersion is desribed
aurately by e−γ α(λ)ε(k). Here α(λ) ≤ 1, whih is a
funtion of λ only, represents the adiabati orretion to
the nonadiabati rst-order hopping.
IV. ADIABATIC ASPECTS OF SMALL
POLARONS
The polaron self-trapping marks the hange from the
free-partile-like to the exponentially-large eetive mass
behavior of the polaron. As shown in Fig. 2a, for t < ω0
the polaron dispersion is reasonably well given by the
nonadiabati rst-order SCPT for all ouplings, inluding
the self-trapping rossover at g ≈ ω0.
For t >∼ ω0, the physial interpretation of the polaron
self-trapping onstitutes a diult problem beause of
the mixing of the nonadiabati and adiabati eets. It
was rst suggested by Eagles
35
that for t > ω0 the self-
trapping may be desribed by the antirossing of two
qualitatively dierent, nonadiabati and adiabati, po-
laron states. The rst is a large light polaron state, sta-
ble on the weak-oupling side. Inreasing the oupling,
the energy of suh large polaron state beomes ompa-
rable to the energy of the small heavy polaron, pinned
to the disrete lattie. The latter is a stable solution
on the strong-oupling side. The sharp, but ontinuous
self-trapping rossover is obtained in terms of the ma-
trix elements involved in the hybridization of the large
(nonadiabati) and the small (adiabati) state.
One might expet (for short-range eletron-phonon in-
terations) that suh an antirossing senario for t > ω0
explains orretly the polaron self-trapping for two or
more dimensional systems, in whih the adiabati po-
laron is stable only when it is small,
36,37
exhibiting
strong pinning eets. In suh irumstanes the polaron
self-trapping oinides with the nonadiabati-adiabati
rossover. In 1D, however, the situation is dierent.
In partiular, the regime of small adiabati polarons is
reahed as g inreases by two rossovers in the nature
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Figure 3: The 8 lowest normal modes of the polaron defor-
mation, obtained by the harmoni adiabati approximation,
as funtions of λ = εp/t. The pinning and the breather mode
are denoted by ωP and ωB , respetively.
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Figure 4: For t = 5 the ET polaron spetrum below the
phonon threshold, onsisting of the lowest and three exited
bands, is shown for the rossover regime as a funtion of g.
In the inset the exat ET ground-state binding energy ∆pol
is ompared to the seond-order WCPT and SCPT results.
of the ground state, neither of whih involves antiross-
ing among the eigenstates of the Hamiltonian. That
is, in the limit t ≫ ω0 the large nonadiabati weak-
oupling polaron rosses into a large adiabati polaron for√
ω0/t ∼ λ.27 The polaron self-trapping involves a dier-
ent rossover that ours for λ ≈ 1. For
√
ω0/t < λ <∼ 1
the adiabati polaron of the width d ∼ λ−1 behaves pra-
tially as a free partile, beause the pinning potential
is exponentially small.
38
Within the harmoni adiabati
approximation,
37
the rossover from the free-partile-like
to the pinned states is reeted in the disappearane of
the restoring fore near λ ≈ 1 for the lowest odd pin-
9ning mode, as seen in Fig. 3. In summary, the polaron
self-trapping in 1D an be aused by two dierent meh-
anisms. The nonadiabati one dominates in the t ≪ ω0
limit. It an be desribed as the simple eletron dressing.
The other polaron self-trapping mehanism, dominating
in the t≫ ω0 limit, is entirely adiabati.
The partiularity of the moderate values of adiabati
ratio t/ω0 investigated below is that in the rossover
regime between weak and strong ouplings a mixture
of two self-trapping mehanisms, nonadiabati and adi-
abati, ours. In partiular, one nds signiant nona-
diabati ontributions to the polaron dispersion aom-
panied with strong adiabati softening of the two lo-
al modes of the deformation eld, the latter indiating
the weakening of the pinning potential that harater-
izes the adiabati polaron motion. The ET spetrum
in the rossover regime for t/ω0 = 5 is shown in Fig. 4
as a funtion of g. Only the states below the phonon
threshold are displayed, shifted by the ground state en-
ergy E0. The lowest and the three exited polaron bands
are represented eah by the 22 states with dierent mo-
menta, K = 0, pi, n × 0.15, with n ≤ 20. The spetrum
in Fig. 4 reveals two important eets of the polaron
motion. First, when the bandwidths inrease with de-
reasing g, there is a strong hybridization of the rst
and seond exited bands. Seond, when g is dereased
further all the exited bands shift towards the phonon
ontinuum. This latter eet indiates that the nonadi-
abati dynamis prevails in this limit. The fast eletron
gains more energy by detahing itself from the deforma-
tion eld, than by waiting to move adiabatially with the
lattie distortion to the neighboring site.
A. Strong pinning
The very narrow polaron bands on the right side of
Fig. 4 desribe self-trapped small-polaron states. The
bandwidthsW (i) are exponentially redued by the strong
pinning potential due to disreteness of the lattie. The
positions of the exited bands in the spetrum are well
predited by the harmoni adiabati approximation,
37
shown in Fig. 3. Beause the polarons are small the
adiabati softening is notable only for short-ranged or-
relations, i.e., for the even (breather) and odd (pinning)
modes involving three lattie sites.
The self-trapped polaron represented in terms of Wan-
nier states,
|ϕ(i)n 〉 = 1/
√
N
∑
K
e−iKn|Ψ(i)K 〉 , (25)
stays in the quantum state |ϕ(i)n 〉 entered at the lattie
site n over a long period of time, 1/W (i) ≫ 1/ω0. In suh
irumstanes the spatial (Q-dependent) lattie orrela-
tions are almost unaeted by the polaron dispersion,
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Figure 5: The ET phonon spetral weight is shown as a fun-
tion of Q for λ = 4 and εp/ω0 = 10. N¯tot is the mean number
of phonons in the ground state (12). The thin dotted urves
are given by Eqs. (27) and (28).
i.e.,
F
(i)
+,Q ≈ |〈ϕ(i)n |b†Q|ϕ(0)n 〉|2 . (26)
As obtained in Eq. (11), in the limit λ≫ 1 the lattie is
distorted signiantly at one lattie site only, whih in the
reiproal spae results with the roughly Q-independent
spetral weight of the lowest polaron band. However,
this behavior hanges by dereasing λ as the distortion
spreads to neighboring sites. For λ = 4 and εp/ω0 = 10
the phonon spetra are plotted in Fig. 5. The parame-
ters used orrespond to the self-trapped polaron regime,
in whih F
(0)
+,Q, F
(0)
+,Q, and H
(0)
Q are pratially the same
(lassial distortion). Hene, the derease of the i = 0
spetral weight toward the end of the Brillouin zone,
whih is seen in Fig. 5, is related solely to the spreading
of the loal distortion. This spreading is haraterized by
the adiabati orrelation length d ∼ 1/λ as long as the
distortion behaves lassially. Inreasing the range of the
adiabati orrelations (at smaller λ) only makes the Q-
dependent feature of the i = 0 spetral weight observed
in Fig. 5 more pronouned.
In the λ ≫ 1 limit, the two lowest internal soft-
phonon modes of the small-polaron deformation eld
involve three lattie sites, with a displaement pattern
(1,−2, 1) for the even (breather), and (-1,0, 1) for the
odd (pinning) mode.
37
The orresponding phonon oper-
ators with the appropriate normalization are given by
b(1)n =
bn−1 − 2bn + bn+1√
6
, b(2)n =
bn+1 − bn−1√
2
.
If the adiabati utuations of the eletron in Eq. (26)
are negleted, the ontribution of whih is of the order
10
ω0/εp, the phonon spetral density for the breather mode
is obtained as
F
(1)
+,Q ≈ |〈0|b(1)n b†Q|0〉|2 =
2
3N
(1− cos (Q))2 , (27)
and for the pinning mode as
F
(2)
+,Q ≈ |〈0|b(2)n b†Q|0〉|2 =
2
N
sin2 (Q) . (28)
Here, the lattie distortion is not onsidered expliitly as
it does not ontribute to F
(1,2)
+,Q . The expressions (27)
and (28) explain the spatial orrelations obtained by the
ET method in Fig. 5 for the two lowest i = 1, 2 ex-
ited bands of the self-trapped small polaron. Namely,
the thin dotted urves, representing Eqs. (27) and (28),
ompare well to the ET results for F
(1)
+,Q (breather) and
F
(2)
+,Q (pinning).
In ontrast to the i = 0, 1, 3 bands in Fig. 4, the spe-
trum of the seond i = 2 exited band is inverted. The
bottom and the top of this band are assoiated to the
K = pi and the K = 0 state, respetively. Suh dis-
persion is a onsequene of the parity properties of the
loal adiabati orrelations. This is easily understood by
analyzing the self-trapped small-polaron limit, in whih
the hybridization between dierent bands is negligible.
In this ase, the Wannier states (25) inherit the sym-
metry of the internal phonon modes of the deformation
eld. The pinning (i = 2) mode is odd under the spae
inversion, whih results in a positive nearest-neighbor in-
traband hopping.
B. Crossover regime
The bandwidths of the self-trapped polaron bands in-
rease by dereasing the oupling due to the weakening
of the pinning potential. The pinning potential is more
eetive for the polaron states at the bottom of the spe-
trum, explaining why the bandwidths of the two lowest
exited bands on the right side of Fig. 4 are signiantly
larger than the bandwidth of the lowest band. In the
rossover regime, orresponding to the entral part of
Fig. 4, the bandwidths and the positions of the bands in
the spetrum are haraterized by the same time sale.
This means that the loal orrelations, dominated in the
self-trapped polaron limit by the harmoni adiabati dy-
namis, in the rossover regime are strongly aeted by
anharmoni and nonadiabati ontributions introdued
by the small-polaron hopping.
In the entral part of Fig. 4 the polaron spetrum
is haraterized by the strong hybridization of the rst
(i = 1) and the seond (i = 2) exited bands, while
the hybridization between states of the seond (i = 2)
and third (i = 3) exited bands is weak. The i = 1
and i = 2 bands touh for g ≈ 3.32. This band touh-
ing orresponds to the symmetry allowed rossing of the
0 pi/2 piQ
1/N
2/N
3/N
F
+,Q
(i)
i=2
i=1
Figure 6: The phonon spetral weight F
(i)
+,Q, as a funtion of
Q, for the rst i = 1 (dashed urves) and the seond i = 2
(solid urves) exited band. The results are obtained for the
set of ouplings that orresponds to the narrow interval in
whih the two i = 1 and i = 2 exited bands touh (2.82 ≤
gn ≤ 2.89, with gn+1 = gn + 0.01, t = 2.5). The arrows point
to the diretion of the inreasing oupling. The thik dashed
and solid urves are plotted for the self-trapped small-polaron
limit in Eqs. (27) and (28).
two K = pi states of opposite parity. The origin of the
strong hybridization of the two lowest exited bands lies
with the small-polaron hopping. While the motion of
the large polaron to the neighboring site orresponds to
a small hange of the distortion, the small polaron moves
by reating the lattie distortion at one site and destroy-
ing it at the other. The displaement pattern involved in
the nearest-neighbor small-polaron hopping to the right
is approximately given by (0,−1, 1). It is easy to see
that suh a pattern is obtained by a linear ombination
of the breather (1,−2, 1) and pinning (−1, 0, 1) displae-
ment patterns. Thus, for small polarons the breather
and the pinning mode are, due to disreteness of the
lattie, eetively oupled by the polaron motion. Fig-
ure 6 demonstrates the orrelation in the behavior of the
phonon spetral weight for the i = 1 and i = 2 bands
in the touhing regime. Figure 6 shows that, as the hy-
bridization with the inreasing oupling beomes weaker,
there is a rapid transfer of the breather-like phonon spe-
tral weight near the end of the Brillouin zone from the
i = 2 band (solid urves) to the i = 1 band (dashed
urves).
The polaron density of states (DOS),
S(ω) = 1/N
∑
K
SK(ω) , SK(ω) =
∑
i
δ(ω − E(i)K ) ,
the phonon density of states (PDOS), F (ω) =
1/N
∑
Q FQ(ω), and the eletron density of states
(EDOS), A(ω) = 1/N
∑
K AK(ω), are investigated in
Fig. 7 for the rossover regime (t/ω0 = 5 as in Fig.
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(4)). The left olumn of panels presents the oher-
ent low-frequeny features at the strong-oupling side of
the rossover regime, g/ω0 = 3.35, whereas the weak-
oupling side of the rossover regime is analyzed in the
right olumn, g/ω0 = 2.9. For the former ase the po-
laron eetive mass is large, mpol/mel ≈ 100, while for
the latter ase it is within the order of magnitude of the
eletron eetive mass, mpol/mel ≈ 5.
The DOS in Fig. 7a ontains three distint features,
eah orresponding to one of the three lowest polaron
bands in Fig. 4 (the ontribution of the third exited
band loated in Fig. 4 very lose to the phonon thresh-
old is not shown in Fig. 7). Three distint ontribu-
tions may also be observed in the PDOS of Fig. 7b.
The low frequeny feature, ω ∼ W (0), in Fig. 7b is
given by the narrow, W (0) ≪ ω0, lowest band, for whih
the phonon spetral weight behaves approximately lassi-
ally, F (ω) ≈ F (−ω). Beause of the weakQ-dependene
of the phonon spetral weight (small-polaron distortion)
the PDOS and DOS for the lowest band have similar
shape. The onsiderable attening of the lowest polaron
band toward the end of the Brillouin zone is the reason
for the more pronouned singular behavior of the DOS
(and the PDOS) at the upper rather than at the lower
band edge.
The two lowest exited bands, related to the pin-
ning and breather modes of the deformation eld, al-
most touh in Fig. 7a. Their bandwidths are signif-
iantly larger than the bandwidth of the lowest band,
W (1) + W (2) ≈ ω0/2. The phonon spetral weight as-
signed to the exited bands, aruing only for ω > 0,
exhibits a strong Q-dependene. This explains the sub-
stantial dierene in the shape of the DOS in Fig. 7a and
the PDOS in Fig. 7b for frequenies orresponding to the
i = 1 and i = 2 bands. The hybridization of the breather
and pinning modes due to the polaron hopping an be
observed in the partial transfer of the phonon spetral
weight from the i = 1 to the i = 2 band.
For g/ω0 = 3.35 the eletron properties are shown in
Fig. 7. Although the polaron is small and heavy, the
EDOS of the lowest band diers essentially from the sim-
ple momentum-independent Lang-Firsov formula (23).
The most signiant ontributions to the EDOS involve
the i = 0 and i = 1 states near the bottom of the bands.
In fat, one nds that, in the rossover regime, the ele-
tron spetral weight for the lowest band is weakly de-
pendent on the momentum only for small bare eletron
bandwidths (Fig. 2). The ontribution of the i = 2 band
to EDOS in Fig. 7 is very small beause of its par-
ity properties. While the free eletron state belongs to
the subspae (16), the main ontribution to the polaron
states of the i = 2 band is given by the states belonging
to the subspae (17). In partiular, theK = 0 andK = pi
states of the i = 2 band are odd under spae inversion,
with no overlap whatsoever with the free eletron state
of even parity.
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For g/ω0 = 2.9 the stable polarons are small and light,
exhibiting partiularly interesting properties. Figure 7d
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Figure 7: The polaron (DOS), phonon (PDOS), and eletron
(EDOS) density of states for frequenies below the phonon
threshold. The rst and the seond olumn of panels are
given for g = 3.35 and g = 2.9, respetively, with t = 5 in
both ases. The amplitude of the PDOS exeeds the range of
values shown in Fig. 7b.
shows the polaron spetrum below the phonon thresh-
old onsisting of two oherent bands. The bandwidth of
the lowest band is larger than that of the exited band.
The PDOS is shown in Fig. 7e. For the lowest band
F (ω) shows notable asymmetry in ω, whih means that
the loal lattie distortion begins to exhibit signiant
quantum low-frequeny utuations assoiated with the
polaron motion. Suh quantum behavior is an indiation
of nonadiabati eets. The adiabati eets are mani-
fested as a softening of the internal phonon mode of the
deformation eld. This softening is represented in Fig. 7e
by the exited band ontribution, found only for ω > 0.
The EDOS in Fig. 7f is, in a manner similar to that seen
in Fig. 7, haraterized by two pronouned singularities
at the bottom of the polaron bands. For g/ω0 = 2.9 (as
opposed to g/ω0 = 3.35) the polaron states are lighter
for the lowest band than they are for the exited band.
Aordingly, one nds that the lowest band ontributes
more to the eletron spetral weight than the exited one
in Fig. 7f. Suh a dispersion an be is explained by nona-
diabati dynamis that is energetially more favorable for
the polaron motion than the adiabati one.
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∆pol d N¯tot mel/mpol
g = 3.35 3.69 0.45 7.56 0.01
g = 2.9 2.25 0.93 2.25 0.196
Table II: Comparison of small-polaron properties for g = 3.35
and g = 2.9 (t = 5).
Table II brings some additional insights upon the
hoie of parameters used in Fig. 7. ∆pol is the bind-
ing energy, the eletron-phonon orrelation length d is
dened by Eq. (21), N¯tot is given by Eq. (12), and
mel/mpol determines the polaron eetive mass. By go-
ing from g/ω0 = 3.35 to g/ω0 = 2.9 the stati polaron
properties (∆pol, d, Ntot) hange rapidly, but far more
dramati is the hange in the dispersion. For g/ω0 = 2.9
the polaron eetive mass is within the order of magni-
tude of the eletron eetive mass, the latter being har-
aterized by the large bare eletron bandwidth, t/ω0 = 5.
It is emphasized that for suh a large ratio of t/ω0, the
motion of the polaron in the rossover regime involves
substantial nonadiabati and adiabati eets. In the
nonadiabati ase, the hopping ours by a dephasing
between the eletron and the lattie distortion. The adi-
abati dynamis ontributes to the small-polaron disper-
sion through the softening of the internal phonon mode,
whih for small polarons, is obtained as a mixture of the
breather and pinning modes. Beause of this adiabati
softening the eetive hopping overlap between the po-
laron states at neighboring sites is larger than for the
unrenormalized lattie vibrations.
V. SUMMARY AND CONCLUSIONS
The Holstein polaron problem is analyzed here for the
one-dimensional innite lattie. New important insights
into the polaron formation are obtained and the rossover
between the light and heavy polaron states is laried.
Using the pratially exat polaron states, obtained nu-
merially by the ET method, the spatial and temporal de-
pendene of eletron and lattie orrelations is examined
for the oherent part of the spetrum below the phonon
threshold. Speial attention is paid to the properties of
the phonon propagator and the related orrelation fun-
tions. To our knowledge, this onstitutes the rst inves-
tigation of suh kind in terms of translationally invariant
polaron states.
In order to ahieve a better understanding of nonadia-
bati and adiabati eets in the polaron dispersion and
of the loal orrelations, the weak- and strong-oupling
perturbative results and the results of the harmoni adi-
abati approximation are ompared to those of the ET
method. The polaron dispersion may involve both adia-
bati and nonadiabati proesses. In the rst ase, the
eletron is desribed by a loalized state that follows adi-
abatially the distortion as it moves along the lattie. In
the seond ase, the eletron hops away from the dis-
tortion before self-loalizing again. The loal adiabati
orrelations are responsible for the softening of the inter-
nal phonon modes of the polaron. Eah of the exited
oherent polaron bands found below the phonon thresh-
old orresponds to one of these soft phonon modes.
The distintion between nonadiabati and adiabati
ontributions provides a qualitative desription of the
polaron rossover between the self-trapped and free-like-
partile behaviors of the eletron, in the intermediate
regime t ∼ ω0 ∼ g in whih neither of the parameters
an be treated as a small perturbation. For t ∼ ω0 ∼ g
the rossover regime involves the small polaron states,
for whih the adiabati motion along the lattie is gov-
erned by a pinning potential due to the disrete lattie.
It is argued that the adiabati ontributions to the ee-
tive nearest-neighbor hopping integral of suh polarons
are enhaned by the softening of the two lowest (even
and odd) internal modes. In return, the polaron mo-
tion eetively ouples these two modes, whih results
in a hybridization of the states in the rst- and seond-
exited polaron bands below the phonon threshold. This
hybridization is weak on the strong-oupling side of the
rossover regime for whih the exited bands are narrow
and well-separated. Beause the pinning potential aets
the low-frequeny states more, the lowest band is notably
narrower than the rst two exited bands. As the ou-
pling is dereased, the bandwidths of all the bands in-
rease progressively beause the pinning potential weak-
ens. In addition, the hybridization between the two low-
est exited bands beomes strong. The shifting of all
the exited bands towards the phonon threshold ω0 on
the weak-oupling side of the rossover regime indiates
that the loal adiabati orrelations are suppressed by
the nonadiabati ontributions to the dispersion. In this
regime of ompeting adiabati and nonadiabati eets,
one nds that the small polarons are light. The binding
energy ∆pol is a few ω0, while the spetrum below the
phonon threshold onsists of two oherent polaron bands.
The polaron dynamis beomes fully nonadiabati in the
weak-oupling limit, in whih the oherent part of the
spetrum below the phonon threshold exhibits only the
lowest polaron band. The weak interation between the
eletron and the lattie distortion is reeted in the small
binding energy (∆pol < ω0).
The lattie orrelations hange remarkably among dif-
ferent regimes of parameters. The behavior of the phonon
spetra is partiularly omplex in the rossover regime,
in whih the nonadiabati and adiabati ontributions
mix. The rossover regime onnets two essentially dif-
ferent limiting behaviors obtained for strong and weak
ouplings, respetively. In the strong-oupling limit (self-
trapped polarons) the phonon spetral weight at very low
frequenies desribes a lassial lattie distortion, while
for frequenies orresponding to the soft internal phonon
modes, the spetral weight is typial for harmoni dy-
namis. The small |ω| ontribution, dened by the dis-
tortion in the ground state, orresponds to the additional
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spetral weight that is found with respet to the free
lattie. The phonon softening involves the transfer of
the spetral weight from the unperturbed frequeny ω0
to lower frequenies. As the slow quantum motion of
the self-trapped polaron only weakly aets the loal dy-
namis, the Q-dependene of the phonon spetral fun-
tions desribes the loal spatial orrelations. On the on-
trary, for weak ouplings the polaroni distortions exhibit
strong nonadiabati quantum utuations due to the ex-
hange of momentum between the eletron and lattie
subsystems. In partiular, as the lowest polaron band ap-
proahes the phonon threshold, signiant phonon soft-
ening eets are assoiated with long-range nonadiabati
orrelations. The phonon spetral weight whih orre-
sponds to this softening an be muh larger than that
related to the weak-oupling distortion, whih is dened
by a small number of phonons in the ground state.
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